Abstract-We present a procedure for simultaneously determining the orientations of the three sensors of a vector magnetometer and the three coils necessary for calibration. Cartesian coordinate systems in the sensor assembly and in geographic coordinates are established by an optical cube on the sensor and two theodolites on the earth. The relative orientations of these systems are measured by theodolite reflections from the faces of the optical cube. The sensor assembly is placed at the center of the coil assembly and known fields are applied along each coil axis. In each case the vector output is recorded providing three vector measurements. This procedure is repeated a total of four times with the sensor rotated 900 between each set of measurements. The 12 vector measurements are used in an iterative program to determine the 18 direction cosines of sensors and coils. The program assumes the axis orientations are known to roughly one-half degree by construction. With this assumption it is possible to formulate an approximate model which predicts the measurements made in each of the four sensor orientations. Differences between the predictions and measurements are used to calculate a correction to the initial model. This correction is added to the initial model and the calculation repeated. In a computer simulation convergence to 10-7 was obtained in three steps. An analysis of the probable errors suggests an accuracy of about 5 arcseconds should be obtainable. This corresponds to an error of 1 y in the 50 000 y earth's field.
I. INTRODUCTION
E XTREMELY ACCURATE measurements of the earth's vector magnetic field are needed in several areas of geophysics including studies of the earth's main field, satellite mapping of continental scale anomolies, and attempts to find precursors of earthquakes. The required absolute accuracy is of order 1 y in ± 50 000 -y for each component of the field. While this accuracy is easily obtained in measurements of the field magnitude (e.g., with proton precession magnetometers) it is extremely difficult to obtain in the components of the field. At the present time, only a few of the world's best magnetic observatories routinely obtain such absolute accuracy in the field components. Although most modern vector magnetometers resolve the field components with precision of order 0.01 'y, the orientations of their magnetic axes are not sensing sufficiently well to obtain the Manuscript received July 3, 1977; revised October 5, 1977 required accuracy. To accomplish this each sensor orientation must be known in a Cartesian coordinate system to a few arcseconds. Sensor orientation is normally determined by a calibration procedure utilizing a three-axis Helmholtz coil facility. Because the axes of such coils cannot be determined by construction to the accuracy needed for magnetometer calibration, it is first necessary to determine the orientation of the axes of the calibration coils.
As part of a design study for a vector magnetometer to be flown on a low-altitude polar-orbiting satellite (MAGSAT) we have developed a procedure for simultaneously calibrating sensor and coils [1] . A The orientation of the sensor unit vectors is normally determined by applying known fields to the magnetometer and recording the sensor outputs. Calibration fields can be generated by a three-axis Helmholtz coil system. The magnitude of the field generated by each coil can be measured very accurately with a proton precession magnetometer. However, the orientation of each coil axis is not determined by construction with sufficient accuracy to use in calibrating a magnetometer. Consequently, the orientation of each coil axis must be determined in a Cartesian coordinate system fixed within the earth.
A nearly Cartesian coordinate system can be established in the earth (geographic coordinates) by two theodolites or autocollimators fixed on pylons sunk into the earth. Using 90 and 1800 reflectors as well as precision levels, the theodolites may be positioned in a horizontal plane at right angles to the center of the coil system. It is usually convenient to locate these nearly on the north (x) and east (y) axis of the coil system as shown schematically in Fig. 2 . In this geographic coordinate system, the orientations of coil axes are specified by the three unit vectors n, ny, and nz.
If we construct a vector B (COIL) from the magnitudes of the fields along each coil axis we can show B (GEO) = (rZ)B (COIL).
(3) The vector B (GEO) is the ambient magnetic field in geographic coordinates and the matrix (i7) has columns made up of the unit vectors nx, ny, and n Z. 
The matrix (R) is determined by theodolites as discussed above. The vector B (COIL) is determined by using a proton precession magnetometer to determine the field magnitude versus current relation for each coil. The vector M is the vector output of the sensor array. Matrices (,u) and (ri) must be determined experimentally.
If we assume that the matrix (71) has been determined in- We have found that the number of necessary orientations can be reduced to four provided we make use of the unit vector constraint on the columns of (11) and (17) . Doing this reduces the number of unknowns from 18 to 12 and guarantees that the solutions to the approximate equation (11) will truly be unit vectors.
The unit vector constraint on columns of (,u) Next, enter these data into a computer program along with an initial guess of the matrices (g1o) and (no). Use this guess and the data to construct a set of 36 equations in 12 unknowns according to the procedures described above. Solve this set of equations for the corrections (611) and (8i1). Add these corrections to the initial guess and repeat the entire procedure using the same data. Continue in this manner until the residuals between model and data are of the same order as experimental error.
IV. COMPUTER SIMULATION OF SIMULTANEOUS
CALIBRATION PROCEDURE To check the validity of the calibration procedure outlined in the previous section, we have perfonned a computer simulation. In the first step, arbitrary orientation matrices (11) and (n) were used in conjunction with seven different transformation matrices (R) to generate simulated magnetometer measurements (b) = (B,)/BO. In the second step, a computer program implementing the iterative solution technique was used to recover the known matrices starting from the approximation (go) = (no) = (*). Both steps were programmed in the SPEAKEZ language, Cohen and Pieper [3] . This language is particularly suited to the manipulation of vectors and matrices as entities rather than element by element. The language also provides a means of solving a set of N equations in M unknowns using the singular value decomposition method of Lanzcos [4] . A detailed description of the computer programs is given in McPherron [1] .
One major result of this simulation was the need for a specific set of orientations of sensor and coil. As mentioned earlier, the ijth element of the matrix equation (10) couples only the jth sensor and ith coil. Obtaining a solution for these four unknowns requires at least four different relative orientations of the ith sensor and jth coil. Empirically, we find that none of these orientations can correspond to near alignment of the sensor and coil. Also, at least one orientation must place the sensor axis tranverse to both the ith sensor and jth coil in alignment with the coil. For convenience in measuring the transformation matrices with an optical cube and theodolites, each orientation should differ from the preceding one by a 900 rotation. An acceptable set of four orientations begins by nearly aligning sensor and geographic coordinates, i.e., x' with x, y' with y, z' with z. Then rotate 900 aligning x' with y, y' with -x, z' with z. Next, rotate 900 aligning x' with -x, y' with -y, z' with z. Finally, rotate 900 aligning x' with -x,y' with z, z' with y.
A second result of the simulation was an estimate of the errors to be expected in the solutions to the set of four equations for the four unknowns of a single sensor-single coil calibration. As discussed by Jackson [5 ] , errors in the Lanzcos method can be calculated from the pseudo inverse of the N X M matrix of coefficients of the unknowns in (11). As- suming that the normalized field measurements have rms errors of 1 in 50 000 y we find the errors in direction cosines to be about ±2.5 X 10-'. This translates to an angular error of ±1.4 X 10-3 degrees or 5 arcseconds.
A final result of the simulation was verification that all 18 unknown direction cosines of three sensors and three coils could be simultaneously determined using the same four orientations as in the single sensor-single coil calibration case. In a simulation involving no errors in the pseudo measurements, convergence to the accuracy of SPEAKEZ calculations (10-7 8) was obtained in three steps.
V. CONCLUSIONS
The orientation of the magnetic axes of a triaxial vector magnetometer must be experimentally determined in a geometric coordinate system rigidly attached to the three sensors. This is accomplished by placing the sensor assembly at the center of a triaxial Helmholtz coil system and successively applying fields of known magnitude along each coil axis, in each case recording the vector output of the sensor array. High accuracy in the sensor calibration requires a determination of the orientation of the coil axes in a geographic coordinate system. Both calibrations can be accomplished simultaneously, provided a method exists for measuring the transformation between geographic and sensor coordinates. In this case it is necessary to carry out a series of measurements for four different orientations of the sensor assembly relative to the calibration coils. A computer simulation of this procedure indicates the expected orientation accuracy will be about 5 arcseconds or a 1 y error in a 50 000 y field.
